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This paper contains both negative and positive results concerning the pos- 
sibility of extending accretive sets in Banach spaces to m-accretive sets. On the 
one hand, it is shown that if a closed convex subset C of a reflexive strictly 
convex Banach space E is not a nonexpansive retract of E, then no accretive A 
such that clco(D(A)) = C can be extended to an m-accretive set B with D(B) C C, 
and that if a non-Hilbert E is reflexive and smooth, then there is an accretive set 
A C E X E which has no m-accretive extension. On the other hand, we establish 
positive results and then apply them to the study of the asymptotic behavior of 
nonlinear semigroups, the construction of zeros of accretive sets, and the 
characterization of invariant sets for nonlinear semigroups. 
INTRODUCTION 
If H is a Hilbert space and A is an accretive (equivalently, monotone) set in 
H x H, then there exists an m-accretive (equivalently, maximal monotone) 
extension B of A such that D(B), the domain of B, is contained in clco(D(A)), 
the closed convex hull of the domain of A. Our purpose in this paper is to study 
the analogous extension problem in Banach spaces. 
After recalling basic concepts in the first section, we establish some negative 
results in Section 2. It is shown that if a closed convex subset C of a reflexive 
strictly convex Banach space E is not a nonexpansive retract of E, then 
no accretive A such that clco(D(A)) = C can be extended to an a-accretive set 
B with D(B) C C. Section 3 contains positive results. In the next three sections 
we present three situations where these positive results seem to play a significant 
role. We examine a certain aspect of the asymptotic behavior of nonlinear semi- 
groups, construct zeros of accretive sets, and find invariance criteria for non- 
linear semigroups. In the last section we prove that if a non-Hilbert Banach 
space E is reflexive and smooth, then there exists an accretive set A C E x E 
which has no m-accretive extension. 
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1. PRELIMINARIES 
Let E* be the dual of a real Banach space (E, [ I), and denote the value of 
x* E E* at x E E by (x, x*). A real-valued, strictly increasing, continuous function 
p defined on the non-negative reals such that ~(0) = 0 and lim,,, p(r) = co 
is called a gauge function. The duality mapping with gauge function p from E into 
the family of nonempty (by the Hahn-Banach theorem) weak star compact 
convex subsets of E* is defined by J,(x) = {x* E E* : (x, x*) = p(j x \)I x 1 
and I x* I = A x I)> f or each x in E [6, p. 3481. If p(y) = Y for all Y > 0, the 
duality mapping J, is called the normalized duality mapping, and is denoted 
simply by J. 
Let U = {x E E : 1 x 1 = l} be the unit sphere of E. The norm of E is said to 
be Gateaux differentiable if lim,,, (I x + ty 1 - j x 1)/t exists for each x and y 
in U. In this case we shall also say that E is (G), or that E is smooth. The norm of 
E is said to be FrCchet differentiable (and E is said to be (F)) if for each x in U, 
the limit is approached uniformly as y varies over U. It is said to be uniformly 
GBteaux differentiable (and E is said to be (UG)) if for each y in U, the limit is 
approached uniformly as x varies over U. Finally, it is said to be uniformly 
FrCchet differentiable (and E is said to be (UF)) if the limit is approached uni- 
formly for [x, y] in U x U. A discussion of these concepts can be found in 
[25,26]. J, is single-valued if and only if E is (G). 
The closure of a subset D of E will be denoted by cl(D) and its convex hull 
and convex closure by co(D) and clco(D), respectively. We also define /I D (1 = 
inf(lxl :xED} and DO = {x E D : 1 x I = I] D II}. The identity operator 
(on D) will be denoted by I. A mapping T: D --f E is said to be nonexpansive if 
) TX - Ty I < / x - y 1 for all x and y in D. It is said to be firmly nonexpansive if 
I TX - Ty I < I Y(X - y) + (1 - Y)( TX - Ty)l for all x, y in D and Y > 0 
[13, p. 3471. In the following, ---f and - will indicate strong and weak con- 
vergence, respectively. 
IfAisasubsetofE x EandxisinE,wedefineAx={yEE:[x,y]EA}, 
and set D(A) = {x E E : Ax # ,0}. The range of A is defined by R(A) = u {Ax : 
x E D(A)} and its inverse by A-ly = {x E E : y E Ax}. A is called accretive [29] 
if for each xi E D(A) and each yi E Ax, , i = 1,2, there exists j E J(xr - x2) such 
that (yr - yz , j) > 0. A is accretive if and only if for all xi E D(A), yi E Axi , 
i=1,2,andr>O,Ix,-xx,I<)x,-xx,+r(y,--yJJ.AsetBCE x Eis 
said to be an extension of A if D(A) C D(B) and Ax C Bx for x in D(A). 
Let D be a subset of E and A an accretive set with D(A) C D. A is said to be 
maximal accretive in D if there is no proper accretive extension B of A with 
D(B) CD. An accretive set is maximal accretive if it is maximal accretive in E. 
It is m-accretive (hypermaximal accretive in Browder’s terminology [9, p. 3881) 
if R(I + A) = E. (It then follows that R(I + YA) = E for all positive Y.) For 
example, if T: E + E is nonexpansive, then I - T is m-accretive. If A 
is accretive, one can define, for each Y > 0, a firmly nonexpansive single-valued 
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mapping Jr : R(I $ r/f) + D(A) by Jr = (1 + r/I-l. It is called the resolvent 
of A. We also define the Yosida approximation of A, A, : R(I + r&l) + E, by 
4 = (I - u/r. 
A closed subset C of a Banach space E is called a (firmly) nonexpansive 
retract of E if there exists a retraction of E onto C which is a (firmly) nonexpansive 
mapping [12, p. 3841. A retraction P : E + C is called a sunny retraction (a 
projection in Bruck’s terminology 113, p. 3481) if P(x) = z, implies that P(u + 
T(X - v)) = ~1 for all x E E and Y 3 0 [41, p. 641. If there exists a retraction 
P : E + C which is both sunny and nonexpansive, then C is said to be a sunny 
nonexpansive retract of E. A sunny nonexpansive retraction is necessarily firmly 
nonexpansive. 
A subset A of E x E* is called monotone if for each pair [xi, xi*] E A, 
i = 1, 2, we have (x1 - x2, x1* - x2*) > 0. The term “maximal monotone” 
and the notations Ax, D(A), and R(A) h ave obvious definitions in this setting. 
A subset D of E is said to be boundedly (weakly) compact if its intersection 
with every closed ball is (weakly) compact. 
2. NONEXPANSIVE RETRACTS 
Let H be a Hilbert space. If A is an accretive (equivalently, monotone) set in 
H x H, then there exists an m-accretive (equivalently, maximal monotone) 
extension B of A with cl(D(B)) = clco(D(B)) = clco(D(A)) [24, p. 2131. If 
E is a strictly convex and smooth reflexive Banach space and A is a monotone set 
in E x E*, then there is a maximal monotone extension B of A such that 
cl(D(B)) = clco(D(B)) = clco(D(A)) and R(J + B) = E* [24, p. 2161. In 
order to study the corresponding problem for accretive sets in Banach spaces, 
we begin with a simple lemma. 
LEMMA 2.1. If E is a Banach space, then the following are equivalent : 
(AC) Whenever A is an accretive set in E x E, there exists an m-accretive 
extension B of A with clco(D(B)) = clco(D(A)). 
(FC) Whenever D is a subset of E, every firmly nonexpansive mapping 
f: D --f E can be extended to a Jirmly nonexpansive mapping g: E -+ E such that 
g(E) = ~14 f(D)>. 
Proof. Suppose (AC) holds, and let A = {[x, y] :f(x + y) = x>. A is accretive 
and D(A) = f(D). Let B be an m-accretive extension of A with clco(D(B)) = 
clco(D(A)). Then JIB : E + D(B) extends f and is firmly nonexpansive. Now 
assume that (FC) holds. J1” : R(1f A) -+ D(A) is firmly nonexpansive. Let 
g : E -+ clco(D(A)) be a firmly nonexpansive extension of J1”. B = {[x, y] : 
g(x + y) = x} is the required extension of A. 
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Thus a necessary (but not sufficient) condition for (AC) to hold is Property 
(P) [27, p. 971 defined by: 
Every closed convex subset of E is a nonexpansive retract of E. P> 
The proof of the following proposition is implicitly contained in [14]. The 
dimension of a Banach space E will be denoted by dim E. 
PROPOSITION 2.2. A Banach space E with dim E > 3 has Property (P) ;f and 
only if it is a Hilbert space. 
Proof. Let E, be a three-dimensional subspace of E, E, a two-dimensional 
subspace of E, , and x,, a point in E, . For a positive R define K = {x E E, : 
j x 1 <R> and M ={XE E: )x -y ( < 1 x,, -y ( for all YE K}. If 
K n M = m, then there is x* in E* and a real number c such that (y, x*) < 
c < (z, ‘x*) for all y G K and z EM. Let C = (X E E : (x, x*) < c}, and let 
g : E -+ C be a nonexpansive retraction. On the one hand, g(xs) belongs to M 
because 1 g(x,J - y j = ) g(xa) -g(y)\ < 1 x,, - y 1 for all y in K. On the 
other hand, g(x,,) cannot belong to M because g(x,,) is in C. Consequently, 
K n M # 0. As in [14, p. 1751 it follows now that there is a linear projection of 
norm 1 of E1 onto EO . Since EO was arbitrary, E1 is a Hilbert space, and so is E 
itself. 
This result also follows from Theorem 1 in V. Klee [Circumspheres and inner 
products, Math. Stand. 8 (1960), 363-3701. 
When E is a non-Hilbert Banach space with dim E > 3, and C is a closed 
convex subset of E which is not a nonexpansive retract of E, then the accretive 
set A = ([x, 0] : x E C} cannot be extended to an m-accretive set B with 
D(B) = C. The next result shows that more is true. Namely, in many spaces no 
accretive set A with clco(D(A)) = C can be extended to an m-accretive set B 
with clco(D(B)) = clco(D(A)). Negative results of this kind were predicted by 
Crandall and Liggett [22, p. 2761. 
THEOREM 2.3. Let E be a Banach space and A an m-accretive set in E x E. 
If E is re$exive and strictly convex, then clco(D(A)) is a nonexpansive retract of E. 
Proof. Let 1,. be the resolvent of A, and let Q = {x E E : J,x -lr+, x}. If 
{x,} CQ converges strongly to x, and w* is in E*, then 
I(J4 - x3 w*)l G NJP - Jr% 9 w*)l + I(J,xn - xn > w*>l + I(% - x, w*)l 
G 2 I XVI - x I I w* I + I(JP, - Gz, w*)I. 
Consequently, Q is closed. To see that Q is convex, suppose x and y belong to Q, 
andconsiderz=(l -t)x+tywhereO<t<l. 
I Jrz - Jrx I < t I y - x I and I Jrz - Jry I < (1 - t)l y - x 1. Therefore, if 
Jr,z -r+,+o w, then 1 w - x I < t 1 y - x 1 and I w -y ( < (1 - t)l y - x j. 
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Itfollowsthatlw-z]=~iy-~~andIw-yl =(I -f)ly---j.SinceE 
is strictly convex, w = x. Hence JTz -r+,, z and z E Q. J+r -++,a x for x in D(A) 
because I JVx - x / < r 11 Ax // for such an x. Since Q is closed and convex, it 
contains clco(D(A)). On the other hand, it is contained in the weak closure of 
D(A), hence in clco(D(A)). Thus Q = clco(D(A)). If x E E and 0 < r < 1, 
then (A,x - A,x,j,) > 0 for some jr in J(J$ - Jrx) = J(A,x - TAG). In 
other words, 
and 
1 YAP - A,x 1 < (1 - Y)l A,x I. 
Consequently, {Jrx : 0 < r < l} is bounded, say by M(x). Let Qz = {y EQ : 
I y I < M(x)}. Since each Qz is weakly compact, n (Qz : x E E) is also compact 
in the corresponding product topology. JT is a point in this space for each 
0 < Y < I. Let P be the limit of a subnet of (_I, : 0 < Y < 11. Since Q is weakly 
closed and the norm of E is weakly lower semicontinuous, P: E-Q is 
the required nonexpansive retraction. 
COROLLARY 2.4. If E is a conjugate non-Hilbert Banach space with dim E 3 3 
which is both strictly convex and smooth, then the closed unit ball of E is 
not the convex closure of the domain of an m-accretive set in E x E. 
Proof. If the unit ball of E were clco(D(A)) for some m-accretive A, then by 
the proof of Theorem 2.3 it would be a nonexpansive retract of E. But it is not 
u41. 
This result is not true for all infinite-dimensional Banach spaces. Let X be a 
compact Hausdorff topological space, and let C(X) be the space of real-valued 
continuous functions on X with the maximum norm. If f is in C(X), let 
(PfX4 = 1 if f(x)>l, 
==fW if If(x)1 < 1, 
= -1 if f(x) < -1. 
Denote the unit ball of C(X) by C. The set A = (v, g] : P(f + g) = f} is m- 
accretive and D(A) = C. 
In Hilbert space, the closure of the domain of an m-accretive set is convex 
[23, p. 3891. If E is a reflexive Banach space and A is a maximal monotone set in 
E x E*, then cl(D(A)) is also convex [5, p. 1291. The analogous statement 
for m-accretive sets is not true in all reflexive Banach spaces. To see this, let E 
be R2 with the maximum norm, and let A = {[(xl , x2), (yl , ye)] : 1 x1 / = x2 
and yr = O}. Then A is m-accretive, but D(A) = cl(D(A)) = {(x1, x2) : 
/ x1 / = x2} is not convex. If E* is (F), then the proof on p. 382 of [4] implies that 
cl(D(A)) is convex, hence a nonexpansive retract of E. Calvert [19] used this 
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result in his study of those accretive sets which are also I-accretive for some 
proper lower semicontinuous convex v : E -+ (-CO, 001. We do not know if in 
the setting of Theorem 2.3, cl(D(A)) must be convex. It would also be of interest 
to extend this theorem to other Banach spaces. Note that if E is reflexive and an 
m-accretive A is single-valued and linear, then cl(D(A)) = E [45, p. 2181. 
A duality mapping JU of a smooth Banach space E is said to be weakly sequen- 
tially continuous [7, p. 2601 if x, - x in E implies that {JJx,J} converges weak 
star to J,(x) in E*. Such a duality mapping exists if E is Hilbert, or finite-dimen- 
sional and smooth, or ZP, 1 < p < co. The normalized duality mapping J is 
said to be weakly sequentially continuous at 0 if x, - 0 in E implies that {j(x,)} 
converges weak star to 0 in E”. (It follows that J,, is weakly sequentially 
continuous at 0 for every gauge function p.) Bruck [l I] found many spaces with 
this property. In particular, smooth Orlicz sequence spaces have duality 
mappings which are weakly sequentially continuous at 0. 
There are conditions [13, p. 350; 41, p. 661 which guarantee that a nonex- 
pansive retract C of a Banach space E is necessarily a sunny nonexpansive retract 
of E. This happens, for example, when E is (UF), or when E is (G), J is weakly 
sequentially continuous at 0, and C is boundedly weakly compact. Consequently, 
if E also satisfies the hypotheses of Theorem 2.3, then clco(D(A)) is a sunny 
nonexpansive retract of E whenever A is m-accretive. The next proposition is 
another result in this direction. 
PROPOSITION 2.5. Let E be a Banach space and A an m-accretive set in E x E. 
If cl(D(A)) is boundedly compact, then it is a$rmlj nonexpansive retract of E. 
Proof. This time let Q = (x E E : JTx -+7+O x} = cl(D(A)). In the notation 
of the proof of Theorem 2.3, let Qz = {y E Q : / y ( < M(x)}. n {Qz : x E E} is 
compact. The result now follows by the proof of Theorem 2.3 because J,. is 
firmly nonexpansive for each positive Y. 
If E is (G) and finite-dimensional, then the proof of this proposition implies 
that ],x converges strongly as Y -+ 0 to Px, where P is the unique sunny non- 
expansive retraction on cl(D(A))[13, p. 348; 41, p. 641. This also happens in 
Hilbert space [23, p. 3891. It is possible to obtain a weaker result in certain non- 
Hilbert infinite-dimensional Banach spaces (cf. [44, Theorem 3.71). 
PROPOSITION 2.6. Let E be a reflexive, strictly convex, and smooth Banach 
space, and let A be an m-accretive set in E x E. If E has a weakly sequentially 
continuous duality mapping J, , then the mapping P: E -+ clco(D(A)) defined 
by Px = weak lim,,, J,x for each x in E is the unique sunny nomxpansive retraction 
onto clco(D(A)). 
Proof. Let {r, : n = 1,2 ,... }, 0 < yn < 1, tend to 0. For x in E, let Px be the 
weak limit of a subsequence of Jr,x, say Px = weak lim,,, JS,x. Px belongs to 
clco(D(A)) and Px = x if and only if x E clco(D(A)). Let c(t) = tp(t) for t > 0. 
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Since (Apx - A,y, J,(J+x - Jry)) 3 0, it follows that c(j J,.x - J,.y 1) < 
(x - y, J,(/rx - Jry)) for all X, y in E and positive Y. Now let x be in E and y 
in clco(D(A)). We have 
where {tll} is a subsequence of {se}. Consequently, I y - Px I2 < (y - x, 
J(y - Px)) and P is both sunny and nonexpansive [41, Lemma 2.71. Since P is 
unique, {Jrx} converges weakly to Px as Y --+ 0 for each x in E. 
3. ACCRETIVE EXTENSIONS 
Let E be a reflexive strictly convex Banach space, and let A be an accretive set 
in E x E. By Theorem 2.3, in order that A may have an m-accretive extension 
B with clco(D(B)) = clco(D(A)), ‘t ’ 1 is necessary that clco(D(A)) be a nonexpan- 
sive retract of E. This condition is not sufficient even if both E and E* are 
uniformly convex. To see this, let A be either the accretive set constructed by 
Calvert in [18], or the accretive set constructed by Crandall and Liggett in [22, 
p. 2761. In both cases, A has no m-accretive extension, but clco (D(A)) is a sunny 
nonexpansive retract of E because E is two-dimensional [28, p, 474; 13, p. 3531. 
However, a positive result is possible (cf. [44, Proposition 2.161). 
A set A C E x E is said to be demiclosed if x, E D(A), yn E Ax, , x, + x, 
Yn - Y * x E D(A), and y E Ax. It is said to be weakly closed if X, E D(A), 
~n~Ax,,x,-x>Y,-Y + x E D(A), and y E Ax. A mapping is said to be 
weakly closed if its graph is weakly closed. 
THEOREM 3.1, Let E be a reflexive smooth Banach space, and let T: E -+ C be a 
sunny nonexpansive retraction. Suppose that A is an accretive set in E x E such that 
D(A) C C and R(I + rnA) 3 C f or some positive sequence {m} with r, --f 0. 
Then A can be extended to an m-accretive set G with D(G) C C, provided one of the 
following conditions is satisfied: 
(a) E is (UF), 
(b) C is boundedly compact and E is (F), 
(c) A and T are weakly closed. 
Proof. Let B = {[x, y] : T(y + x) = x}. B is m-accretive and D(B) = C. 
Given a point y in E and 0 < t < r,/2, the equation JtB( y - tA,,x) = x has 
a solution in C by Banach’s fixed point theorem. It follows that B + A,* is 
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m-accretive. Let x, satisfy y E x, + Bx, + A,,x,, . Denote y - x, - A,,x, E 
Bx, by b, and let II E C. Since 0 E Bu, 
and 
(A+ - A,,+, - b, , _I@ - ~,a>> 3 0 
(A+ - y + u - (u - 4, J(u - xn>> 3 0. 
Consequently, 
and {x,} is bounded. We also have (b, , j(xn - J:nxn)) 3 0, (b, , J(Ar,xn)) 2 0, 
and ) A,,x, I2 < 1 A,,x, 1 ( y - x, (, so that {Arnxn} is bounded too. This implies 
that (xn - Jtnxn} converges strongly to zero. Let A’ be a maximal accretive 
extension of A in C. If E is (F), then A’ is demiclosed. Therefore we may assume 
in (a) and (b) that A itself is demiclosed. If (a) holds, observe that 
Since A and B are accretive, it follows that 
J is uniformly continuous on bounded subsets of E. Therefore {xn} is a Cauchy 
sequence. Suppose {xn} converges to x E C. If(b) holds, we may assume that this 
happens. In both cases, we may assume in addition that {A,,xn} converges weakly. 
Thus {J:‘,x~} and {xn} converge strongly to x while (A,,x,} and (b,,} converge 
weakly say to a and b, respectively. It follows that a E Ax, b E Bx, and y = x + 
a + b. In other words, A + B is m-accretive. If(c) holds, we may assume that 
x,-x and b,- b. Since T(b, + x,) = x, , this implies that T(b + x) = x. 
This means that b E Bx. We also have J~*x~ - x and A,,x, - a with a E Ax. 
The result follows. 
The requirement that R(I + r,A) 3 C for some sequence (r3 with r, --t 0 
is in many instances already implied by formally weaker conditions [33, Theorem 
2.21. If E is merely smooth, and A is single-valued and continuous with 
D(A) = C, then G = A + B is an m-accretive extension of A by [32, Theorem 
3.31. We do not know if one can assume in (a) that E is merely (8’). 
COROLLARY 3.2. Let E be a Bunuch space which is both (UF) and strictly 
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convex, and let A be an accretive set in E x E such that I?(I + rA) 1 clco(D(A)) for 
allpositive r. Then A has an m-accretive extension B with clco(D(B)) = clco(D(A)) 
if and onZy if clco(D(A)) is a sunny nonexpansive retract of E. 
4. NONLINEAR SEMIGROUPS 
Let D be a subset of a Banach space E. A semigroup (of nonlinear contractions) 
on D is a function S : [0, co) x D -+ D satisfying the following conditions: 
(3 Sk + t, , 4 = s(t, , s(t, , 3)) for tl,tz>O and LED, 
(ii) I W, x) - s(t, r>l < I x -Y I for t > 0 and x, y E D, 
(iii) S(0, x) = x for XE D, 
(iv) limt,ta S(t, x) = ml , 4 for t, to 3 0 and x ED. 
For x in E we set d(z, D) = inf{i z - y 1 : y E D}. If D is closed, we shall say 
that D has the minimum property [39, p, 2371 if it contains a point the norm of 
which equals 1) clco(D)II. Let A be an accretive set in E x E, and consider the 
following initial value problem: 
(44 u(t) + Au(t) 3 0, O<t<T, 
u(0) = x, . WY 
Let i+(t) : n = 1, 2,...} be a sequence of E-valued functions defined on [O, T] 
such that un(t) = x,,” for t = 0 and u,(t) = xan for t E (tTml , tinI n (0, T], 
i = 1, 2,..., N, , where 0 = ton < tin < ‘.. < tEnel < T < tg, is a partition of 
the interval [0, TJ such that 
lj_2 max {(tin - tF!l): 1 < i < N,} = 0. 
Such a sequence is said to be a backward difference scheme approximate solution 
of (IVP) if 
and 
(Xin - xi”_J(ti” - trel> + Axin 3 l in 1 < i < N, , 
P-3 
xgn + x, as n-m, 
E, = 2 1 tin / (tin - tL1) + 0 as 71-m. 
i=l 
A continuous function U: [O, T] -+ E is called a backward difference scheme 
limit solution of (IVP) if there exists an approximate solution {u,,(t) : n = 1,2,...} 
of (IVP) such that u(t) = lim,,, u%(t) uniformly for 0 < t < T. A continuous 
function U: [0, a] --f E is called a (DS) limit solution of (IVP) with T = 00 if 
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the restriction of u to any finite interval is a (DS) limit solution of the appro- 
priate (IVP). 
Kobayashi [32, Theorem 5.1; 311 has shown that if 
limjrrf d(R(I + rA), x)/r = 0 for each x E cl(D(A)), (R) 
then -A generates a semigroup on cl(D(A)) in the following sense: For each 
x0 in cl(D(A)), 5’(t, ~a) is th e unique (DS) limit solution of (IVP) with T = CO. 
THEOREM 4.1. Let E be a reflexive and strictly convex Banach space, and let A 
be an accretive set in E x E. Suppose that A satisfies (R) and let S be the semigroup 
generated bY -A on cl@(A)). If cl(R(A)) has the minimum property, then for 
each x in cl@(A)) the weak lim,,, S(t, x)/t = -v where v is the element of least 
norm in cl(R(A)). 
Proof. Let x,, E D(A) and E > 0. There is an element [y, z] in A such that 
/ z - v 1 < E. By [32], 1 S(t, r) - y 1 < t /j AY II. Therefore 
I S(t, x0) - x0 I d I S(t, x0) - w, Y>l + I S(t, Y) - Y I + I y - x0 I 
<22Y -xoI +tlzl 
d 2 Iy - x0 I + 4 v I + 4. 
It follows that lirn+;up 1 S(t, x0) - x0 I/t < j v /. Now let S(t, x0) = 
lim,,, u,(t), where u*(t) is an approximate solution of (IVP). For each n there 
is 1 < i = i(n) < N, such that t belongs to (&, tin] n (0, r]. We have 
i(n) 
zz C (tkn - tE-l) akn - 
k=l 
x (lk” - ttl) eke), 
where azn E R(A). Consequently, 
(x0 - S(t, xoN/t = $E Kw/t>(~n + %i&,), 
where z, E co(R(A)) and 
i(n) N.G 
1 w, 1 < c (tkn - ttl) 1 ekn 1 < 1 (tkn - tz--l) 1 ckn 1 - 0 as n + ma 
k=l k-l 
Since ty(,) -+n+m , t (3c, - S(t, xo))/t belongs to clco(R(A)) for each t > 0. Let 
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@* : n = 1, 2,.. .> tend to infinity, and assume that (x0 -- S(t, , xo))/tn converges 
weakly toy. On the one hand, 
On the other hand, y belongs to clco(R(A)) and therefore / y 1 > i z’ 1. Thus 
1 y / = j v j and y = v because v is unique. The result follows. 
If E* is (F), then S(t, x)/t converges strongly to -v. Consequently, Theorem 
4.1 is an extension of [44, Theorem 2.81 where it was assumed that the semigroup 
S was generated by the exponential formula S(t, x) = lim,,, (I + (t/n)A)-“x. 
If an accretive set A satisfies (R), it does not follow that cl(R(A)) has the 
minimum property. To see this, let E = RR2 and A = {[(x, y), (y, -x)] : 
~~+y~=1}[34,p.412].NotethatAisclosed(x,~D(A),y,~Ax,,x,-t1c, 
yn-Y z- XEW), y E Ax), but it cannot be extended to an m-accretive set B 
with D(B) C cl(I)(A)). 
LEMMA 4.2. Let an accretive and closed set A satisfy condition (R). Suppose that 
E is both (UG) and (F) while E* is (F). If there exists an m-accretive extension B 
of A with D(B) C cl(L)(A)), then cl(R(A)) has the minimum property. 
Proof. Let z E D(B). We can find a positive sequence {r,} and a sequence 
{[xn , yn]} C A such that ra -+ 0 and / x, + rnyn - z 1 /r, + 0. Since E is 
reflexive and strictly convex, one can define a single-valued operator B” : 
D(B) -+ E by Box = (Bx)O. Let x, = x, + r+, y,, . We have x, = J:‘,x,, = Jfnzm and 
yn = B,,z,, . Since lim,_, Jf,.z = z, lim,,, B,,z = BOz, and 1 JF*z, - Jf’z I < 
I % - 2 I> I &,G - B,,z 1 < 2 ) .a, - a i/r, , we also have x, --f z and 
y,, ---f BOz. Thus z E D(A) and B”z E AZ. Consequently, D(B) = D(A) and 
B” = A”. Since E is (UG) and B is m-accretive, cl(R(B)) is convex [lo, p. 190; 
40, p. 694; 41, p. 631. Let v be the element of least norm in cl(R(B)), and let 
v, -+ v, vu, E Bx, . Since 1 v / < ) Box, 1 < ) v, /, it follows that lim,,, Aox, = 
lim,,, Box, = v. 
The following result improves upon [42, Theorem 3.41. 
COROLLARY 4.3. Let H be a Hilbert space and let a monotone and closed 
A C H x H satisfy condition (R). Let S be the semigroup generated by -A. If 
cl(I)(A)) is convex, then lim,,, S(t, x)/t = -v, where v is the element of minimum 
norm in cl(R(A)), and x E cl(D(A)). 
Other results of this nature can be obtained by combining Theorems 3.1 and 
4.1 with Lemma 4.2 (cf. [44, Theorem 2.171). For example, let C be a sunny 
nonexpansive retract of a Banach space E. Suppose that A : C+ E is accretive, 
single-valued, and continuous, and that it satisfies condition (R). Let S be the 
semigroup generated by -A on C. If E is (UG) and E* is (F), then for each x 
in C Km,,, S(t, x)/t = -v, where v is the element of least norm in cl(R(A)). 
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In particular, if A = I - T where T: C -+ C is nonexpansive, then lim,,, 
Tnxln = lim,,, s(t, x)/t = -v because ( s(n, x) - Tnx 1 < nliz / x - TX \ for 
all n [37, p. 45; 4, p. 3731. (A different proof of a more general result can be 
found in [41, Theorems 2.3 and 2.81.) Although we do not know the minimal 
hypotheses which will imply this result, we observe that we cannot expect such a 
result to hold in all Banach spaces. To see this, let E = I1 and define T: E---f E 
by 
T(x, , x2 ,..., x, ,...) = (1, x1 , xs ,..., x, ,... ), 
or let E = c, and define 
T(x, , x2 ,..., x, ,...) = (1 + I x 1, x1 , x2 ,..., x, ,.. .>. 
5. APPROXIMATING ZEROS 
We begin this section by establishing a variant of the main result of [43]. 
THEOREM 5.1. Let E be a smooth uniformly convex Banach space with a duality 
mapping which is weakly sequentially continuous at zero. If A C E x E is m- 
accretive and0 E R(A), then for each x in E the strong lim,,, jTx exists and belongs 
to A-l(O). 
Proof. Let the positive sequence (Y, : n = 1, 2,...} tend to infinity. Let 
x E E and y E A-l(O). Set x, = _TTnx and yI1. = (x - x,)/r, E Ax, . Since (xn - X, 
J(y - x,)) > 0, we obtain 
I Y - %a I2 < (Y - x, l(Y - %a>> < I Y - x I I Y - xn I9 
so that {x,} is bounded. Let {z,}, a subsequence of {xs, converge weakly to Px, 
and denote by {We} the corresponding subsequence of {y>. Consider the non- 
expansive mapping jr . We have 
Since {.a3 converges weakly to Px, Px is a fixed point of Jr [8, Theorem 31, hence 
a zero of A. Therefore I Px - a, I2 < (Px - x, J(Px - x,)) -+ 0. Thus z, -+ Px 
and (Px - x, J( y - Px)) > 0. Since this inequality holds for all x in E and y in 
A-l(O), P: E -+ A-l(O) is both sunny and nonexpansive [41, p. 641. Since P is 
unique, x, -+ Px, as required. 
Instead of assuming that E is uniformly convex, we could have assumed that it 
satisfies Opial’s condition [38, p. 5921. 
In addition to the hypotheses of Theorem 5.1, suppose that E is (UF) (= E* is 
uniformly convex). Then there are “acceptably paired” non-negative sequences 
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[15, 171 (A,}, {e,} with the following property: Suppose that x is in E, and that 
a sequence {zn} C D(A) can be inductively defined by 
X n+1 = %I - U% + 4&2 - 4>, CL,, E Ax, . (5-l) 
If {xn} and {Q} are bounded, then {xn} converges strongly to Pz, where P is the 
unique sunny nonexpansive retraction on A-l(O). 
Now suppose that an accretive A C E x E has a closed domain C, and that it 
can be extended to an m-accretive set B such that D(B) = C and 0 E R(B). 
Let P : E ---f C be the unique sunny nonexpansive retraction on C (see Section 2). 
If {xn> satisfies 
x,+1 = q&z - uvn + uxn - a), 0, E Ax,,, (5.2) 
where x E E, {A,}, and {0,> are acceptably paired, and {xn}, {v,> are bounded, then 
{xn} converges strongly to a point x* in C which is a solution of the following 
inequality: 
(v, J(x - x*1> 2 0 for all v E Ax, x E C, (5.3) 
(cf. [16].) If R(1+ rA) 3 C f or some positive I, then x* is a zero of A. 
The iteration schemes (5.1) and (5.2) are due to Ronald Bruck. The conver- 
gence of (xn} in both cases is established by combining his work with Theorem 
5.1. 
PROPOSITION 5.2. Let C be a bounded closed convex subset of a Banuch space E 
whose duality mapping is weakly sequentially continuous at zero, and which is, 
together with its dual E*, uniformly convex. Suppose a single-valued accretive and 
continuous A: C -+ E is of the form I - T where T is a self-mapping of C. If 
{h,), (S,} are acceptably paired, h,(l + 0,) < 1 for all n, and s, x, E C, then the 
sequence {xn} defined by 
(5.4) 
converges strongly to a zero of A. 
Proof. Since JZ(I + YA) 3 C for all positive r [34, p. 4111, A-l(O) is not 
empty and the proof of Theorem 5.1 shows that the strong lim,.,, J,z exists and 
equals Pz where P: C--f A-l(O) is the unique sunny nonexpansive retraction on 
A-l(O). The sequence {x,J remains in C because x,+i is a weighted mean of x, , 
TX, , and x. Both (x@} and {Ax,} are bounded because C is bounded. Since (5.4) 
is a special case of (5.1), the result follows. 
This result partially extends [15, Corollary 41. 
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6. INVARIANT SETS 
In this section we use some of the results obtained in the previous sections to 
partially extend [3, Corollary 2.1; 2, Proposition 4.51. 
THEOREM 6.1. Let E be a Banach space which is (UF) while its dual E* is (F). 
Assume also that E has a weakly sequentially continuous duality mupping J,, . 
Suppose that A C E x E is m-uccretive and that C C E is a sunny nonexpunsike 
retract of E. Set B, = {[x, y] : T( y + x) = x}, where T : E + C is the unique 
sunny nonexpansive retraction it C. If S is the semigroup generated by -A on 
cl(D(A)) and P: E ---f cl(I)(A)) is the unique sunny nonexpansive retraction on 
cl(L)(A)), then the following are equivalent: 
(1) S(t)(cl(D(A)) n C) C cl(I)(A)) n C few &positive t, and 
P(C) c c, 
(2) J1p(C) C C for all positive r, 
(3) cl@(A) n C) = cl@(A)) n C, A+& is m-uccretive, (A + 
B,)” = A0 on D(A) n C, and P(C) C C. 
Proof. Suppose (1) holds and let Y be positive. If t is also positive, then 
(I + (NU - S(t)P)Y is a single-valued self-mapping of C. Let x E C, y E D(A), 
and yt = (I + (r/t)(I - S(t)P))-lx. Let c(t) = tp(t) for t > 0. Since (yt - 
S(t) Pyt - (y - S(t)y), JU(yt - y)) 3 0, it follows that 
41 it -Y I> G (3 -Y - WW - WY), J,(rt -Y)), 
so that {yf : t > 0} is bounded. Let { yt,*} converge weakly to z as t, -+ 0. We 
obtain c(j z - y 1) < (x - y - rA”y, J,,(.z - y)) and ((x - Z)/Y - AOy, 
J,,(z - y)) 2 0. z belongs to cl(D(A)) because cl(D(A)) is weakly closed and 
Yt - w> PYt = W)b - Yt) - 0 as t + 0. By [l, Corollary 31, z E D(A) and 
(x - z)/r E AZ. Since z is in C, (2) follows. If (2) holds and x is in C, then by 
Proposition 2.6 the weak lim,,, Jr”x = Px. Since J/x E D(A) n C, this implies 
that P(C) C C and cl(I)(A) n C) = cl(I)(A)) n C. The proof of Theorem 3.1 
applied to the restriction of A to C shows that A + B, is m-accretive, and the 
proof of Lemma 4.2 shows that (A + B,)o = A0 on D(A + B,) = D(A) n C. 
If (3) holds, let S, be the semigroup generated by -(A + B,) on cl(I)(A) n C) = 
cl(D(A)) n C. Since the infinitesimal generators of 5’ and S, are equal on 
D(A) n C, S = S, on cl@(A) n C) and (1) follows. 
Other extensions of [2, Proposition 4.51 have been established by Calvert [19] 
and Martin [35, p. 5251. 
7. MINTY’S THEOREM 
Instead of demanding that an accretive set A be extended to an m-accretive set 
B with clco(D(B)) = clco(D(A)), as we did in Section 2, we may require only 
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that A be extended to an m-accretive set B without imposing any restrictions on 
D(B). We begin our study of this extension problem by stating an analog of 
Lemma 2.1. 
LEMMA 7.1. If E is a Banach space, then the following are equivalent: 
(A) Whenever A is an accretive set in E x E, there exists an m-accretive 
extension B of A. 
(F) Whenever D is a subset of E, every J;rmly nonexpansive mapping f: 
D + E can be extended to a jirmly nonexpansive mapping g: E --+ E. 
(M) An accretive set A C E x E is m-accretive if and only if it is maximal 
accretive. 
In 1962 Minty [36] showed that a Hilbert space has property (M). In 1969 
Crandall and Pazy [23, p. 3861 asked whether Minty’s theorem is valid outside 
Hilbert space. Their question was answered in the negative by Calvert [18] and 
by Crandall and Liggett [22, p. 2761. Extending these results, Cernb [20, 211 
has recently proved that a non-Hilbert Banach space such that both E and E* 
are uniformly convex does not possess property (M). In this section we observe 
that Cernes’ result can be extended to a wider class of Banach spaces. Note that 
there are non-Hilbert Banach spaces for which Minty’s theorem is true [22, 
p. 2721. 
PROPOSITION 7.2. Let E be a reJrexive Banach space. If there is an accretive set 
A C E x E with bounded domain and range such that whenever A’ 3 A is also 
accretive then 0 $ D(A’), then E lacks property (A). 
Proof. Let M = sup{1 x 1 : x E D(A) U R(A)). If 1 .z / = R > 3M, x E D(A), 
y E Ax, andj E J(z - x), then 
(x - y,j) = 1 z -x 12 + (x - y,j) > 1 a - x 12 - 1 x - y 1 1 x - x 1 
=I2.--XI(I~--XI-l~-yI)~l~--xl(l~l--2l~l-lYl)~~. 
We assert now that for each E > 0 there is c > 0 such that if I x I = 1 and 
I y I < c, then (x, j) > 1 - E for all j in J(x - y). If not, there are sequences 
(x,}, (y,J, (j,> such that yn -+ 0, I x, I = 1 ,j, E J@, - Y,), and (x, ,j,> G 1 - E. 
But (xn , jn) = I x, -Y~~~+(Y~,~~),(Y~,~~)~~Y~II~~-~~I-~~~~~~ 
I x?I - yn 1s -+ 1, a contradiction. Let E = l/2 and let R > max(l/c, 3M). 
The set B = A u {[z, z] : I z I = R} is accretive. We will show that it has no m- 
accretive extension. To this end, we claim that if G r) B is accretive, then when- 
ever [u, v] E G with I u / < 1, we have I v I < R. Indeed, if v = 0, there is nothing 
to prove. Therefore we may assume that v # 0. Let w = v/l v 1. Since 
(Rw - v,j) > 0 for some Jo J(Rw - u), we obtain (R/l v / - l)(v,j) 3 0. 
Now let k = j/R E J(w - u/R). (v, j) = R I v I(w, k) > R I v l/2. Consequently, 
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R/I w ) - 1 > 0 and ( v 1 < R. Now let G be an m-accretive set which contains 
B. Denote JrG by Jr . We have 
for all z such that 1 z I = R. Suppose that Jr0 + 0. Then there is an E > 0 and 
a positive sequence {m> such that r, --f 0 and 1 Jr”0 I > E. Let X, = jr,nO. Then, 
for z = -(R/l x, I) x, , 
I *n - z I = I xn + WI xv, I> xn I = (1 + R/l x, II xn I 
This means that E + R < R + r,R for all n, a contradiction. Therefore 
lim,.,, Jr0 = 0. Let r, -+ 0 and yr, E GJ,*0. Then ) yTR 1 < R eventually. 
It follows [30, p. 631 that 0 E D(G) and this contradicts the property of the set A. 
Since it can be shown that Cernts [20,21] h as in fact constructed a set A with 
the properties assumed in Proposition 7.2 for every non-Hilbert smooth reflexive 
Banach space, this proposition yields the following corollary. 
COROLLARY 7.3. A smooth rejlexive Banach space has property (A) ;f and only 
if it is a Hilbert space. 
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Note added in proof. 1. There is a (single-valued linear) m-accretive operator A in 
CIO, l] such that clco(D(A)) = cl(D(A)) . is not a nonexpansive retract of C[O, 11. Thus 
some restriction on E is necessary in Theorem 2.3 and the answer to Problem 5 in my 
paper entitled “Some problems in nonlinear functional analysis,” The Altgeld Book 
1975/76, University of Illinois Functional Analysis Seminar, pp. xii.l-xii.18, is “no.” 
2. In Hilbert space a mapping T is firmly nonexpansive if, and only if, 2T - I is non- 
expansive. Thus, Lemma 7.1 shows that Minty’s theorem is equivalent to the Kirszbraun- 
Valentine extension theorem. 
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